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This is the first part of a series of notes [3, 4, 5, 6, 7] on frames, with several more to
come. In this part I set down the basic definitions and properties, give a few examples,
and begin the discussion of nuclei. The last section looks at various categorical properties,
and could be omitted at a first reading. ! After that you should read [4] and [5] in the
order you prefer. That will give you a good grounding in the subject.

The whole collection can be found at [1] If you have never seen this collection before
then perhaps you should read [2].
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1 The category of frames

In this section we first set up the definition of a frame and a frame morphism, we then
look at two important classes of frames, and finally we sort out some useful gadgetry.

Tt might make more sense to make Section 5 the bulk of another set of notes on reflections in general
for various kinds of structured posets.



1.1 The basic notions
Is there a better way to start than with a definition?
1.1 DEFINITION. A frame is a structure
(A, <, AT, V, L)

where

e (A, <) is a complete poset

o (A <, A, T)is a A-semilattice

o (A, <V, 1) is a\/-semilattice
and where these satisfy

(FDL) aAVX =V{aAz|z e X}

for each a € A and X C A. This is the Frame Distributive Law.
A frame morphism

A B

between frames A, B is a function f : A —— B which preserves the distinguished at-
tributes.
Let
Frm

be the category of frames and frame morphisms. ]
We must understand exactly what this definition says so it is worth looking at some

of its details.
A frame A is carried by a poset (A, <) which is complete, that is both

AX VX

exist for each subset X C A. In particular, A has both extremes

AN=T=VA AAd=1=\p

the top and the bottom. Three of these, the two extremes and \/ are selected as dis-
tinguished attributes. However, )\ is not a distinguished attribute of the frame, but the
binary join A is. This signature, the selected attributes, determines the notion of a frame
morphism. This is a function, as indicated, which preserves the comparison, in other
words it is monotone, and satisfies

fmy=T fl) =1
flany)=fl@)Afly)  FVX) =V (X)



for each z,y € A and X C A (where A is the source of the morphism). In particular we
can have

FINX) # AfF(X)
for X C A. We will see a general reason for this in Subsection 1.2.
For each function

f:A—B
we write
X)) ={fx)|re X}  f(Y)={recA|f(r)eY}
for the
direct inverse
image of
XCA YCB

across f, respectively.
As well as carrying these attributes a frame is required to satisfy FDL. As a particular
case of this we may take a couple X = {z,y} of elements to obtain

aN(zVy)=(aNz)V(aNy)

and hence the frame is a distributive lattice. Consequently the frame also satisfies
aV(zAy)=(aVa)A(aVy)

for a,x,y € A. However, it can happen that

aVAX #NaVe|zex}

for a € A and X C A. We will see an example of this in Subsection 1.2.

The import of the FDL can be expressed in a different way. We look at this in
Subsection 1.4.

As we have seen, each frame is both a A-semilattice and a \/-semilattice. More pre-
cisely, there is a pair

Frm —— Meet Frm Sup

of forgetful functors. We take a closer look at these in Section 5.

The precise definition of Meet is given in Subsection 5.2, and that of Sup slightly
earlier in Subsection 3.2.

It’s time to look at two substantial examples. We make each of these a subsection.

1.2 Topologies

Historically, topologies formed the motivating examples of frames. Before we look at them
let’s fix some notation which we used throughout these notes, and other sets in the series.
Let S be a topological space. Thus we have two families

oS CcS



of subsets of S, the
open closed

subsets of S, respectively. Here OS is the topology. We also have two operations
() ()
on subsets of S, providing the
interior closure

of a subset of S, respectively. Any of these four gadgets uniquely determines the topology.
We also write
()

for the set theoretic complementation on S. This, of course, is independent of the partic-
ular topology on S.

To be a topology the family O.S must contain the two extremes S and ), and be closed
under binary intersections and arbitrary unions. This almost shows that

(057 g? m? S? U? @>

is a frame. All that is needed is the observation that FDL holds since OS sits inside the
power set P.S and the relevant operations are computed set theoretically. This is a useful
way if motivating the distinguished attributes of a frame.

We know that for &/ C OS the intersection (U need not be open. The infimum of U

in OS is given by
NU = (NU)°

using the interior operation of the space. Note also that for a topology OS we need not
have
WUANU=A{WUU |uel}

for W e OS and U C OS. Thus the opposite of FDL need not hold in a frame.
Consider a continuous map

¢

T S

between a pair spaces S,T. By definition of continuity we have ¢~ (U) € OT for each
U € OS. A couple of simple calculations shows that the assignment
¢(—

oS orT

is a frame morphism. In particular, a frame morphisms need not preserve arbitrary infima.
This construction sets up a contravariant functor

Frm

Top

from spaces to frames. If you are new to this game you should go through the various
calculations missing here.

In [5] we show that O is one half of a contravariant adjunction between Frm and
Top. This connection enables many topological properties to be analysed using frame
theoretic methods. That is what point-free topology is about.

4



1.3 Complete boolean algebras

In this subsection we isolate a ‘large’ subcategory of Frm.
A boolean algebra is a distributive lattice A for which each element is complemented.
That is, for each a € A there is a , necessarily unique, element b € A such that

aNb=_L1 aVb=T
hold. We write —a for the element b, so that —(+) is a 1-placed operator on A. Notice that
Q= Q

(for if b is the complement of a, then a is the complement of b). Notice that any lattice
morphism

A B

from a boolean algebra A preserves complements, that is if a, b are complementary of A,
then f(a), f(b) are complementary in B.
The operation —(-) on a boolean algebra A has various properties. In particular we
have
aNz <y<=zcz<-aVy

for a,x,y € A. The proof of this is more important than the result. To prove = we
remember
—aVa=T

so that
r=(-aVa)Az=(-aANz)V(aNx)<-aVy

using a A x < y at the final step. A similar argument starting from
—aNa=_1

gives the converse implication. This kind of trick is used several times in this subsection.
A complete boolean algebra is a boolean algebra which is complete as a poset. Such
an algebra has all the attributes to be a frame, but what about FDL?

1.2 LEMMA. Each complete boolean algebra is a frame.

Proof. Let A be a cba. Certainly A is a complete lattice, so it suffices to show that A
satisfies the FDL. To this end let

l=aNVX r=\{aAz|ze X}

for a € A and x C A. The comparison r < [ is trivial, so it remains to verify the converse.
We use the equivalence given above.
For x € X we have
aNz <l|

so that
r<-aVl



to give
VX <-aVvli

and hence r < [, as required. |

In any boolean algebra the interaction between meets, joins, and complementation is
given by the De Morgan laws. There are similar laws for complete boolean algebras. We
need one of these.

1.3 LEMMA. For an arbitrary subset X of a complete boolean algebra A we have

AX =~=(VY)

where
Y ={-w2|zeX}

18 the auziliary subset.

Proof. Let
a=N\X b=\Y

so that it suffices to show that a,b are complementary, that is
aNb= 1 aVb=T

hold.
For each y = -z € Y we have

aNy<xA-x=_1
and hence, since A is a frame,
aNb=\{aAylyeY}=_1

to give the left hand equality.
Let ¢ = —b. For each x € X we have

cN#Frx<cNb=_1
so that ¢ < z. Thus ¢ < a, and hence
aVb>eVvb=T

to give the right hand equality. ]

Complete boolean algebras form the objects of two different categories, Cba and
CBA. Given two such algebras A, B and arrow

f

A B




in Cba is simply a lattice morphism, that is a function that preserves the finitary at-
tributes. As we saw above, such a morphism preserves complements. An arrow in CBA,
sometime called a complete morphism, preserves arbitrary infima and suprema, that is

FIN) =A~(X) F(VX) =Vi(X)

for each subset X of the source.
Each object of CBA is a special kind of frame, and each arrow of CBA is a special
kind of frame morphism. Thus we have a forgetful functor

CBA — Frm

this time with Frm as the target, not the source.

You might think that there is a third category where the objects are complete boolean
algebras, and the arrows are the frame morphisms between these algebras. However, the
next result shows that this is just CBA.

1.4 LEMMA. Let

f

A B

be a frame morphism from a complete boolean algebra A to a frame B. Then f is a
complete morphism, that is
FINX) =N\~ (X)

for each X C A.

Proof. Let
b=[fANX) d=A\/"(X)
for the given subset X. The monotonicity of f ensures that b < d, so it suffices to show

the converse comparison.
Let
V={wlreX} c=f\VY)

so that
(VYY) = AX
(by Lemma 1.3), and hence b and ¢ are complementary in B.
For each y = -z € Y we have

dA fly) < fl@) A f(or) = L
since f passes across A. Also f passes across \/ so that

c=\V{f)|lyeY}

and hence
dhe=\H{dNfly)lyeY}=1
by the FDL in B. Finally, remembering that

cVvVb=T



we have

d=dAN(cVb)=([dANc)V(ANb)=dANb<D

as required. ]
For each pair A, B of complete boolean algebras, we certainly have an inclusions
CBA[A, B] C Frm|A, B]

of arrow sets (since each complete morphism is a frame morphism). Lemma 1.4 shows
that, in fact, this inclusion is an equality. Thus we have the following.

1.5 THEOREM. The category CBA of complete boolean algebras and complete morphisms
1s a full subcategory of the category Frm of frames.

In [7] we investigate just how CBA sits inside Frm.

1.4 The implication on a frame

A frame is a complete lattice which satisfies the FDL. This equational requirement can
be codified in a different way, and produces a useful tool.

1.6 DEFINITION. An implication on a A-semilattice A is a two placed operation (- D )
such that
r<(bDa)<=bAhx<a

for all a,b,z € A.

Trivially, at most one implication can be carried by a A-semilattice. Carrying one
enforces certain properties.

1.7 LEMMA. A complete lattice A carries an implication precisely when it is a frame.

Proof. Suppose first that A is a frame. For a,b € A set
(boa)=\{ze€Albrnz <a}

so that
bAr<a=z<(bDa)

(for arbitrary € A). We require the converse. But
bAbDa)=\{bAz|bAhz<a}<a

by the FDL, and this leads to the required result.
Conversely, suppose A carries an implication, and consider any a € A and X C A. It
suffices to show

aNVX <\{anz|ze X}

(since the converse comparison is trivial). Let
y=V{anz|z e X}
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so that
aNz <y

for each x € X. The implication property gives

r<(a>y)
for each such x, so that
VX < (a>Dy)
and hence
aNVX <y
by a second use of the implication property. [ ]

This shows that a frame is exactly the same thing as a complete heyting algebra.
However, that description can be misleading since frame morphisms need not preserve
implication.

It is worth looking at two examples of implication.

1.8 EXAMPLES. (a) For a topology OS on a space S the implication is given by
(VoU)=(V'uU)°
for U,V € OS. To see this consider an arbitrary W € OS. Then
WC VUl <= WCV'UlU)<=WnVCU

to give the required result.

We often use a topology OS to illustrate various aspects of frame theory. Sometimes
we use OS directly, but sometimes it is more enlightening to look at CS. This often
requires the insertion of a complementation at appropriate places. In this particular case,

for X, Y € CS we have
Y'o2X)=YuX)=(X-Y)"

which is clearly important in some situations.
(b) For a complete boolean algebra A the implication is given by

(bDa)=-bVa
using the negation on A. In other words we have
r<-bVa<=bAzx<a

for a,b,x € A. This is the observation made just before Lemma 1.2.
We will return to the idea of a negation shortly. |

There are many identities involving the implication. Some of these are given in the
next two results. It isn’t worth remembering most of these, but the proof technique —
repeated use of the characterizing equivalence — is important.



1.9 LEMMA. On a frame A we have
(i) a < (x Da)
(ii)) xA(z Da)=zANa
(iii) <y = (y Da) < (z D a)
(i) (VX)Da) = N{(z>a)|ze X}
for alla,z,y € A and X C A.

Proof. (i). Since x A a < a, this is immediate.
(ii). For each z € A we have

z<zAN(rDa)<=z<zand z < (r Da)
<— z<zandzAz<a <— z<a

for the required result. The last step here requires just a few moment’s thought.
(iii). Let
z=(xDa)

where x < y. Then
rNz<yANz<a

so that
z<(xDa)

as required.
(iv). For each z € A we have

z2<(VX)Da<=zAVX <a
— \{zAz| € X} <a
— Vr e X)[zNz <d
— VreX)z<(rea) <=z<A{(zxDa)|ze X}

for the required result. notice the use of FDL at the second step. [

Part (iv) of this result is one of the few identities worth remembering. Notice that by
taking X = {x,y} we obtain

(zVy) Da)=(xDa)A(yDa)

as a particular case.
The next definition may look a little strange but, as we will learn, the operator pro-
duced is very important.

1.10 DEFINITION. For a frame A we set
we(z) = ((x D a) Da)
for each a,z € A to produce an operator w, on A. |
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We will use these operators quite a lot. Here are their simple properties.

1.11 LEMMA. For each element a of a frame A, the operator w, is inflationary, mono-
tone, and idempotent, and satisfies

(Wo(z) D a) =wu(z Da)=(zDa) Wo (T Ay) = wa(z) Awg(y)
for each z,y € A.
Proof. For each = € A a use of Lemma 1.9(ii) gives
zA(xDa)=xNa<a
so that

< ((xDa)Da)=wy(x)

to show that w, is inflationary.
Two uses of Lemma 1.9(iii) shows that w, is monotone.
Before we show that w, we verify the left hand identity. To this end let

2z = (Wo(z) D a) =wu(z D a)

where the right hand equality is an immediate consequence of the definition of w,. Since
x < wy(z), we have

zAz<wi(z)ANz<a

so that
z<(rDa)<w,)rDa)=z

for the required result.
With this we have

wi(z) = ((We(x) Da) Da)=((z Da) Da)=w,(z)

to show that w, is idempotent.
Finally, for z,y € A we have

Wo(z Ay) <wg(z) < wy(y)

since w, is monotone. This a converse comparison will give the remaining required result.
To this end let
Z = Wq(r) < Wa(y)

so that
2<we(z) 2 <wa(y)

to give
2A(xDa)<a z2A(yDa)<a

and hence, using Lemma 1.9(iv), we have

2AN((xANy)Da)=zA((zDa)V(yDa)=(zA(zDa)V(zA(yDa)<a

11



which leads to the required comparison. [ ]

A particular case of implication gives the negation
—a=(a>D 1)
of an element a € A. This is characterized by
z<-—ag<=alNz=_1

for 2 € A. Now this terminology and notation may be confusing you, for in Subsection
1.3 we have used both in conjunction with a complete boolean algebra. Let’s clear that

up.
We say an element a € A of a frame A is complemented if

alNb avVb=T

for some (necessarily unique) element b € A. We then say that b is the complement of a
in A. Notice that this terminology agrees with the boolean case.

1.12 LEMMA. Let A be an arbitrary frame, and consider a € A.
The element a is complemented precisely when —aV a = T.
Furthermore, if a is complemented, then its complement is its negation —a.

Proof. Suppose first that a is complemented, that is
alb aVb=T

for some b € A. The first of these gives

and the second gives
—a=-aA(aVb)=(-aNa)V(-aAb)=(-anb)<b
to show that —a = b, and hence
—aVa=bVa=T

holds.
Conversely, suppose
—aVa=T

then, with b = —a, we have
aANb=aN—-a=_1 aVb=aV-a=T

to show that a is complemented. [ ]

This result show that we can define the notion of a complement element of a frame in
terms of the behaviour of the negation operation on that frame. We extend this idea.
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1.13 DEFINITION. An element a € A of a frame A is, respectively,

complemented regular dense
if
aV —a a = —"a —a =1
using the negation operation on A. [

Notice that double negation ——(+) is nothing more than the operation w, of Definition
1.10. In particular, for each element a we have

a S —Q T = Q

by a particular case of a part of Lemma 1.11. This shows that a is dense precisely when
This observation also shows that ——a is regular (no matter what element a we start
with). Also, as in the proof of Lemma 1.11 we have

=(a VvV =b) = —-a A —b

for all elements a,b. In particular, and element of the form a V —a is always regular.
Finally, since
a=--aA(aV-a)

we see that each element of a frame is the meet of a regular element and a denser element.
This is a standard lattice theoretic observation.

Definition 1.13 uses standard terminology from lattice theory, but the words are also
used in topology. There is no conflict.

1.14 EXAMPLE. Consider a topology OS viewed as a frame. For each U,V € OS we
have

VNU=0+=VCU < VCU°=U"

to show that U~ is the negation of U in OS. In particular, U is complemented precisely
when
UUU ' =S«=U"=U U =U

in other words when U is clopen.?

Since

- = Uﬁli/ =U°

we see that U is regular in the sense of Definition 1.13 precisely when it is topologically
regular.
Finally, U is dense in the sense of Definition 1.13 precisely when

U®°=--U=S5

equivalently when
U =S
that is when U is topologically dense. [ ]

2] sometimes tell students that this is where the negation symbol comes from. Some of them don’t
believe me.
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In time we will develop the ideas in this example quite a bit further.
Every complemented element is regular, but in general the converse doesn’t hold. In
fact, we have the following.

1.15 LEMMA. A frame A is boolean precisely when each element is reqular.
Proof. Suppose A is boolean, so that
aV-a=T
for each element A. On replacing a be —a we have
—aV-oma=T

so that ——a is the complement of —a. But this complement is a, so that =—a = a.
Conversely, suppose that =—(+) is the identity function on A. For each a € A we have

—Q /\ —|—|a) = J_
so that
a\/—|a:—|—|(a\/—|a) :—|(—|a/\—|—|a> :—|J_ = —|—

to show that —a is the complement of a. [ |

Most of the calculations in this section have been rather standard, only only occa-
sionally have we needed the completeness of the frame. In due course we will need to go
through several calculations which are more frame specific.

1.5 Morphisms as poset adjunctions

Each frame morphism is a \/-preserving function between complete posets. In particular,
as a poset map this function has a right adjoint. This is a useful gadget, and is worth a
bit of notation.

1.16 DEFINITION. For each frame morphism f = f* from frame A to frame B

A B

-—

fs

the right adjoint f, is the unique monotone map from B to A such that

ffa) <b<=a < f.(b)
foralla € Aand b € B. [ |

Each of A and B is a poset. If we view each as a category that a functor from one to
the other is just a monotone map. Two such maps are adjoint as functors precisely when
the are adjoint in the sense of Definition 1.16. Here we use upper and lower decorations

Ak
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to distinguish between the left and the right component of the adjunction. (However,
you are warned that some writers don’t use this convention, perhaps because they don’t
understand it.) Finally, not that not every poset adjunction f* - f, between a pair of
frames gives a frame morphism f*. This left adjoint must also preserve finitary meets.
A simple exercise show that for each frame morphism f* - f, (or any poset adjunction)

we have
F(NY) =N\

for each Y C B. However, f, need not be a frame morphism. In fact, it need not preserve
even binary joins.
Each continuous map

¢

T S
between a pair of spaces gives a frame morphism
oS ¢ oT

between the carried topologies, and hence produces an adjoint pair
¢*
o8

where ¢* = ¢ is the left adjoint. What is the right adjoint ¢.? It is reasonable to expect
this to have something to do with direct images.

os orT

1.17 LEMMA. For each continuous map ¢, as above, the right adjoint ¢, is give by
0.(W) = o~ (W)™
for each W € OT.

Proof. Consider U € OS and W € OT. We have

UCo (W) <= o= (W) CU
= o (W)U
— MteT)teW = ¢(t) e U]
— (MteT)pt) e U =tecW]
— Mel)tep(U)=teW] <o (U)W

to verify the required equivalence. |

We said earlier that the right adjoint f, of a frame morphism need not preserve even
binary joins. We can illustrate this using two very simple spaces.

1.18 EXAMPLE. Consider the 2-point spaces

T={l,r} S={0,1}
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with T discrete and with
0S ={0,{1},5}

(so that S is sierpinski space). Let
o) =0 ¢(r)=1

to produce a continuous map from 7" to S. With

U={l} V={r}

we have
6 (UUV) = 0u(T)  —6=(0) =0 =0 —
o.(U) =97 (U) '=0(r)" ={1}"=9 =0
o.(V)  =¢7(V) =0()”" ={0}"={0}={1}
so that
. (UUV)=S8 0.(U)U g (V) = {1}
to show that ¢, is not a U-morphism. |

We will, of course, have a lot more to say about frame morphisms in general.

2 The universal algebra of frames

Here by ‘universal algebra’ I don’t mean anything very sophisticated; just some informa-
tion about subframes, and a few of the simple categorical properties of Frm. Quotient
frame are left until the next section.

Given a frame A = (A, <, A, T,V/, L) a subframe is a subset B C A which is itself a
frame under the restriction of the distinguished attributes of A. Thus T, L € B and B is
closed under binary meets and arbitrary suprema. The FDL then automatically transfers
to B.

This is as must as we need to know about subframes, for they are not very interesting.
However, let’s not dismiss them just yet.

Given frames B C A we know that any computation involving A and \/ done in B
agrees with the corresponding computation done in A. However, the implication and
negation on B need not agree with those on A.

2.1 EXAMPLE. Consider two topologies
os cpls

on the same set S. Let us write
(O CF
for the two respective interior operations. Thus
Eo g EE]

for each subset £ C S, and these can be far apart. For U,V € OS the two implications
are given by
(VoU)=(V'ul)° (VaU)=(V'ul)”

respectively, and these can be very different. [
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Recall that, respectively, an arrow

m (&

B A A B
of Frm is
monic epic
if for each parallel pair arrows
S S
C B B C
g g
the implication
mof=mog=f=yg foe=goe=f=y

hold. Since the arrows in Frm are functions (of a certain kind) we have
m injective == m monic e surjective == m epic

by the obvious cancellation argument.

We show that the monics of Frm are precisely the injective arrows, but there are epics
which are not surjective.

To deal with monics we use the 3-element frame

1
3=1|+%
0

where 0 < x < 1. This can be used to separate the elements of an arbitrary frame.
Consider any frame B and any element b € B. consider the function f as on the left

f)=T
f:3—B fx)=1b
f(0)=1

given by the equalities on the right. Almost trivially this is a frame morphism. Trivially,
every frame morphism from 3 arises in this way.

2.2 THEOREM. In the category Frm the monics are precisely the injective morphisms.

Proof. On general grounds each injective morphism is monic.
Conversely, suppose

B A

is monic and consider any b, c € B with m(b) = m(c). We require b = ¢. Let

f
3 —_.B

9
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be the pair of arrows determined by

with £(0), f(1),¢9(0),g(1) as they must be. We have

(mo f)(x) = m(b) = m(c) = (mog)(x)

so that
and hence
since m is monic. This gives

as required. [

Not every epic in Frm is surjective. We use a particular example to show this. In
fact, the example illustrates a little bit more.

Remember that a bimorphism is a morphism that is both monic and epic. Thus each
isomorphism is a bimorphism. we give an example of a bimorphism that is not surjective,
and not an isomorphism.

2.3 EXAMPLE. Let S be a T} topological space, with topology OS. The insertion
0SS ——PS

is certainly monic, and is surjective only when S is discrete (so that OS = PS). We show
that the insertion is epic.
Since S is T}, we know that ‘points are closed’. For each point p € S let

Up = {p}, Xp = {r}

to obtain the
open closed

set attached to p. We have
E=U{X,[pe E}

for each subset £ C S.
Consider any morphism

f

PS C

to an arbitrary frame C. Since U, and X, are complements in P.S, the values

fU)  f(Xp)

are complements in C. Thus the value f(X,) is uniquely determined by f(U,).
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consider two morphism

f

g

PS C

which agree on OS. We show that f = g, and hence the insertion is epic.
For each p € S we have

f(Up) = g(Up)
and hence

f(Xp) = 9(X))
by the remarks above. Consider any £ C S. Using the representation of E in terms of
the X, the preservation properties of f and g give

F(E) =V{f(Xp) lpe X} =V{g(X,)|pe X} =g(E)
for the required result. n

To conclude this section we make a simple observation which, as the story unfolds,
will become more and more important.

Let
2 <(1)) 1= (x)

be the 2-element and 1-element frame, respectively. Almost trivially, these are the
initial final
objects of Frm, respectively. In other words, for each frame A there are unique morphisms

2 A A 1

given in the obvious way.
This uses 2 as a frame. We can also view it as a topological space. We don’t use the
discrete topology, rather we use

02 = {0,{%},2}

the upper section topology. Notice that 3 = 02.
When viewed in this way we refer to the space 2 as the sierpinski space. As we will
find out, this has a controlling interest in point-free topology.

3 Quotients of frames

A quotient of a frame A is a surjective morphism

f

A B

to some frame B. In particular, the structure of the target B is completely determined by
the structure of the source A and the nature of f. As in almost any algebraic situation,

19



the structure of B can be coded by a congruence on A. However, frames being what
they are, this congruence on A can be replaced by another far more useful and amenable
gadget.

These gadgets, the nuclei on A, are the central components in a family of techniques
which are a distinctive feature of the analysis of frames. We begin to develop these in
Section 4, then more extensively in [4]. In this section we concentrate on characterizing
quotients and thereby showing how nuclei first appear. To do that (and to prepare for
more sophisticated uses) we set the development in a broader context. Thus we look at
quotient in the category Sup of \/-semilattices, and to do that we look briefly at quotients
in the category Set of sets.

3.1 Quotients in Set

Almost all algebraic quotients can be obtained by refining a simple construction in the
category Set of sets and functons.
Let A be a set, and let ~ be an equivalence relation on A. Let

Af~
be the set of blocks of ~, the set of ~-equivalence classes, and let

Ui

A Af~
be the canonical surjection. Thus for each a € A
n(a) ={r e Ala~ z}
is the block to which a belongs. In particular, we have
n(@) =nly) <=z ~y

for z,y € A.
Conversely consider any function

A B

from A. Setting
rry < f(z)=f(y)

for z,y € A produces an equivalence relation on A. Because of what comes later it is
useful to think of this as the kernel of f.

These two construction are related by the following, rather simple but fundamental,
result.

3.1 THEOREM. Let ~ be an equivalence relation on the set A and let f be a function
from A, as above. Suppose ~ is included in the kernel of f, that is we have

v~y = f(x)=f(y)
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for z,y € A. Then there is a unique function f* such that

Af~
commutes.

Proof. Consider any block av € A/~ and set
f(a) = f(a)

for any a € a. The compatibility of ~ with f ensures this is a well-defined function

fﬁ

A B

and trivially we have

(fon)(a) = f(a)
for each a € A. This shows there is at least one function that makes the triangle commutes.
Since 7 is surjective this is the only possible fill-in function. ]

There are several algebraic refinements of this result. When the two sets A, B carry
similar algebraic structures and f is a companion morphism we may imposed on A/~ a
similar algebraic structure such that both n and f* become morphisms.

3.2 Quotients in Sup

The construction of Theorem 3.1 can be refined to obtain a similar factorization of mor-
phisms in many algebraic situations. In the first instance we replace the arbitrary equiv-
alence relation ~ by a congruence, a special kind of equivalence relation that respects
the distinguished attributes. Then, if we are lucky, we can replace that congruence by
another, more amenable, gadget. For instance, for groups or rings the congruence can be
replaced by a particular one of its blocks, the normal subgroups or ideals, respectively.
However, these two version still involve dealing with block representatives, which is always
a nuisance. A similar thing happens with \/-semilattices and frames, but for these the
replacement has a quite different character and does not require block representatives.

Before we get to these new gadgets we nee to sort out what a Sup-congruence is. And
before that I suppose I should tell you what the category \/ is.

3.2 DEFINITION. The objects of the category Sup are the complete posets. When viewed
in this way we refer to such an object as a \/-semilattice.
An arrow

f

A B

of Sup, or \/-morphism, is a function

f:A—B
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between to \/-semilattices such that

FVX) =V/f(X)
for each X C A. [ |

Each \/-semilattice is a complete poset, and so has all infima as well as all suprema.
However, a \/-morphism f need not preserve any infima, even binary meets. Note that
since L = \/(), such a \/-morphism must preserve bottom, but it need not preserve top.
You should think about this, and make sure you understand why.

We can now begin to sort out what a Sup-congruence is. To do that it is convenient
to introduce a bit of temporary notation.

Let A be a \/-semilattice, and ~ be an equivalence relation on A. When is ~ a
Sup-congruence on A? Let

X={uliel} Y={ulicl}
be a pair of similarly indexed subsets of A (that is, over the same index set). We write
X~Y
if
(Vi € I)[zi ~ yil

that is if X and Y are point-wise equivalent.

3.3 DEFINITION. An equivalence relation ~ on a \/-semilattice A is a Sup-congruence
if we have

X~Y =\ X~\VY
for each similarly indexed pair X, Y of subsets of A. |

Let

f

A B

be a \/-morphism. As in the Set-case, the kernel of f is the equivalence relation ~ on A
given by
zry <= f(z)=f(y)

for z,y € A. The morphism property translates into the following.
3.4 LEMMA. The kernel of a \/-morphism is a Sup-congruence on the source algebra.

Our job here is to produce a converse of this result, We show that every Sup-
congruence is obtained from a \/-morphism.

Consider how we might do that.

Let A be a \/-semilattice and let ~ be a Sup-congruence on A. As in the Set-case,
consider the function

Af~
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which sends each element to its block. The idea is to furnish A/~ as a \/-semilattice in
such a way that 7 becomes a \/-morphism. How might we furnish A/~ with a supremum
operation? Consider a subset X of A/~. By choosing block representatives we can view
this as

X =n"[X]

for some subset X of A. The idea is to define
V& =n(VX)

which automatically ensures that 7 is a \/-morphism. There is, of course, some work
to be done. We must show that the definition of this ‘supremum’ operation in A/~ is
independent of the choice of block representatives. We also have to show that it is a
supremum operation, which mean we should first set up a partial ordering on A/~ and
show that 1 is monotone.

All this can be done, but it’s messy and, thankfully, avoidable. The cause of the mess
is the use of arbitrary block representatives. This can be cleaned up using special block
representatives.

3.5 LEMMA. Let ~ be a Sup-congruence on a \/-semilattice A. Then each ~-block has
a unique largest member.

Proof. Consider any a € A. Let
X ={z;]i eI}
be an indexing of the block to which a belongs. Also let
Y = {ylien)
where y; = a for each ¢« € I. By construction we have
X~Y
so that (since ~ is a Sup-congruence)
VX ~VY =a
to show that \/X is the largest member of the block in question. [
In the standard congruence situation each block is handled by some block represen-
tative, some member of that block. In general any one representative is no better than
any other. However, Lemma 3.5 shows that each block of a Sup-congruence has a special

representative, and that is the one we use. We also use the operator which attaches to
each element its largest mate.

3.6 DEFINITION. Let ~ be a Sup-congruence on a \/-semilattice A. The selector for ~
is the operator j : A —— A given by

jla)=V{z € Ala~z}
for each a € A. [ |
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By construction, if j is the selector of the congruence ~ on A then we have
() a~j(a) (00) z~a= 2z < j(a)

for all a,z € A. These two properties characterize being the selector of ~, and enable
us to see selectors in a different light. Recall that a closure operation on A is a function
j A —— A which is inflationary, monotone, and idempotent, that is

(i) a<jla) (m) b<a=j)<ja) () j(i(a))=ja)
for all a,b € A.

3.7 LEMMA. Let A be a \/-semilattice.

The selectors on A are precisely the closure operators.

Each closure operation is the selector of precisely one congruence.

There is a bijective correspondence between Sup-congruence relations and closure op-
erators on A.

Proof. Suppose that j is the selector of the congruence ~ on A. We use the two
properties (o) and (ee) from above to show that j is a closure operation on A.

For each a € A we have a ~ a, so that (ee) gives a < j(a), to show that j is
inflationary.

Consider a,b € A with b < a. We have

a~ja) b~ jb)

by (e), so that
jla)vib)~avb=a

by the congruence property, and hence
j(b) < j(a) Vij(b) < j(a)

by (ee). This shows that j is monotone.
Consider any a € A and let b = j(j(a)). We have

a~jla)~b

by two uses of (e), so that b ~ a, and hence b < j(a) by (ee). The converse comparison
j(a) < b holds since j is inflationary. This shows that j is idempotent.
These three small arguments show that the selector j is a closure operation.

Suppose j is a closure operation on A. We show that j is the selector of at least one
congruence on A. To this end consider the relation ~ on A given by

r o~y = j(r) =jy)

for x,y € A. Trivially, this is an equivalence relation on A. To show it is a congruence
relation suppose X ~ Y for two similarly indexed subsets X,Y of A. For each y € Y
there is some x € X with x ~ y, so that

y <jly) =jz) <j(VX)
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by the inflationary and monotone properties of 7. Thus

VY <j(VX)
to give
iVY) <i(G(VX)) <i(VX)

by the monotone and idempotent properties of j. By symmetry this gives

J(VX)=4(\J/Y) and hence VX ~\/Y

as required to show that ~ is a congruence on A.
The idempotent and inflationary properties of j ensure that (e) and (ee) hold, and
hence j is the selector of ~.

Trivially (by definition) each congruence has just one selector. Thus, to complete
the whole proof it suffices to show that each closure operation is the selector of just one
congruence. We show that if j is the selector of the congruence ~ then

T~y = j(r) =jy)

for each z,y € A.
Consider x,y € A with = ~ y. By hypothesis, j is the selector of ~, and hence

r<jly)  y<ie)

by two uses of (ee). Thus j(z) = j(y) by the monotone and idempotent properties of j.
Consider z,y € A with j(z) ~ j(y). By hypothesis, j is the selector of ~, and hence

z~j(x)=jly) ~y

by two uses of (e). Thus x ~ y since ~ is an equivalence relation. |

This result enables us to do away with any use of block representatives, and to replace
the use of congruences by the use of closure operators. In time this will give us a collec-
tion of powerful techniques for analysing \/-semilattices, but for now we concentrate on
producing a Sup-version of Theorem 3.1.

3.8 DEFINITION. Let A be a \/-semilattice.
A subset F' C Ais \-closed if AX € F for each X C F.
For a closure operation j on A we set

Aj=J7(A) ={z e Alj(z) =z}
to obtain the set of fixed elements of j. [

Observe that if F' C A is /\-closed then, by considering ) C F', we have T = A0} € F,
and hence F' is non-empty. These /\-closed sets have a more important property.

3.9 LEMMA. Let A be a \/-semilattice.

For each closure operation j on A the subset A; is J\-closed.

For each \-closed subset F' C A there is a unique closure operation j on A with
F=A,

There is a bijective correspondence between closure operations on A and )\-closed
subsets.
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Proof. Let j be a closure operation on A and consider X C A;. For each z € X we
have AX < z so that

JAX) <ja) =@
and hence j(AX) < AX to show that AX € A;.
Let F' be A-closed in A. For each a € A set

jla) = Nz € Fla <}

to obtain an operator j on A. Almost trivially, this j is inflationary and monotone.
Furthermore, for each a € A we have

jla) € F ac€F = ja)=a

(where the -closed property gives the left hand condition). In combination these two
conditions give
1(i(a)) = j(a)

(for each a € A), to show that j is idempotent, and hence is a closure operation.
The right hand condition gives F' C A;. Conversely, if a € A; then a = j(a) € F by
the left hand condition, to show F' = A;.

Finally, suppose we have A; = A for closure operations on A. Consider any a € A.
We have j(a) € A; = A, so that

and hence

k(a) < k(j(a)) = j(a)
by the inflationary property of j and the monotone property of k. A similar argument
gives j(a) < k(a), and hence j = k. |

We now have enough background to begin the Sup-analogue of Theorem 3.1.

Let A be a \/-semilattice, and let j be a closure operation on A. Remember that we
think of j as a more socially acceptable version of a Sup-congruence on A. Consider the
function

A—T LA

at——+ j(a)
(and do not confuse this with the very similar function j). Since A; is a subset of A it

inherits a comparison from A, so A; is at least a poset. We show a bit more.

3.10 LEMMA. Consider the situation above.
For each subset X C A;, the element j(\/X) is the supremum of X in A;.
The poset (A;, <) is complete.
The assignment 7% is a Sup-morphism.
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Proof. Consider X C A;. For each z € X we have
r < VX <j(VX) € 4

so that j(\/X) is an upper bound of X in A;. Let a € A; be any upper bound of X in
A;. We have
VX <a

(in A) so that
J(VX) <jla)=a
to show that j(\/X) is the least upper bound of X in A;.
This also shows that A; is complete (as a poset).

To show that j* is a Sup-morphism we require

JVX) =3(Vim (X))

for each X C A. The element on the right hand side is the supremum of the subset

“k—>

J*7(X)) in A;. This required equality rephrases as

(VX)) =i(V{j(z) |z € X})

and we verify this via two comparisons.
For each x € X we have

v <) < VH{j(x) [z € X})

so that
VX <\V{j(@) |z € X})
and hence
JVX) <i(\VH{i(z) [z € X})
since j is monotone.
Conversely, for each x € X we have

r<\VX
so that
j(x) < j(VX)
to give
V{i(z) |z € X} <j(VX)
and hence
J(\V{i(@) |2 € X}) < j*(VX) = j(VX)

since j is monotone and idempotent. [

By Lemma 3.4 each Sup-morphism

A
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has a kernel ~ given by

rry <= f(z) = f(y)
for z,y € A. This, of course, views the kernel as a congruence. By Lemma 3.7 we may
re-view this congruence as a closure operation k given by

k(z) =k(y) <=z =~y

for x,y € A. These two characterizations enable us to move directly from the morphism
f to the closure operation k.

3.11 DEFINITION. For each Sup-morphism f, as above, the kernel of f is the unique
closure operation k on A (the source of f) such that

k(z) = k(y) <= f(x) = f(y)
for all x,y € A. |

This definition uniquely specifies the kernel of a morphism, but doesn’t really tell us
what it is. To discover that we remember that each Sup-morphism has a right adjoint

*

A B

-~

fs

which, as I promised you earlier, has its uses.

3.12 LEMMA. For each Sup-morphism f* - f., as above, the kernel is the composite
feo fr.

Proof. By the general properties of poset adjunctions we know that k£ = f, o f*is a
closure operation on the source A. Thus it suffices to show that

(feo [) (@) = (fuo [)(y) = ["(x) = [*(y)
holds for all x.y € A. The implication < is immediate, and the converse holds since

fro fio fi= [ u

With a little bit more work we can characterize the kernel directly in terms of the
morphism without using the right adjoint.

3.13 COROLLARY. For each Sup-morphism f, as above, the kernel is the closure oper-
ation k such that
z < k(a) <= f(z) < f(a)

for each x,a € A.

Proof. We have
< fily) = ffz <y

for each x € A and y € B. Setting y = f(a) = f*(a) gives the required result. [

Finally we can prove the \/-refinement of Theorem 3.1.
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3.14 THEOREM. Let j be a closure operation on the \/-semilattice A, and let

f

A B

be a Sup-morphism with kernel k. Suppose 7 < k. Then there is a unique Sup-morphism
f* such that

commutes.

Proof. Since j* is surjective, there can be at most one such fill-in morphism f*.
For each a € A we have

so that
f(k(a)) = f(a)
by one of the characteristic properties of the kernel k of f. We also have

so that
and hence

by the previous observation.
For each z € A; set

fi(z) = f()
to obtain a function f*: A; —— B. We have just seen that

(ffo5)(a) = f(j(a)) = f(a)

for each a € A, so it suffices to show that f* is a Sup-morphism.
We require

FAVX) =V (X)
for each X C A;. Here \7 is the supremum operation on A;. This condition unravels as

FGVX)) = f7(X)

which, since f o j = f, reduces to the given morphism property of f. |

As you can probably guess, we are going to refine this result even further by replacing
Sup by Frm.
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3.3 Quotients in Frm

The results of Subsection 3.2 are important in a wider context, but here we are primarily
concerned with frames. Each frame morphism

f

A B

is a \/-morphism of a special kind. As such it has a kernel j given by

z < jla) <= f(z) < f(a)

for z,a € A. This j is a closure operation on A, of a special kind. Our job in this
subsection is to isolate and begin to investigate these special closure operations

3.15 DEFINITION. A nucleus on a frame A is a closure operation 7 on A such that
jlanb) = j(a) A j(b)
for all a,b € A. |

If you think about it you have already seen one family of examples of nuclei. We will
return to those examples later.

3.16 LEMMA. The kernel of a frame morphism is a nucleus on the source.

Proof. Consider a frame morphism f with its kernel j, as above. For a,b € A (the
source of f and carrier of j) we have

flanb) = fla) A f(b)

and we require a corresponding equality for j. For each x € A the characterizing property
of j gives

z < jland) = f(x) < fland) = f(a) A f(D)
> [(x) < f(a) and f(x) < f(b)
<=z < j(a) and = < j(b) <=z < j(a) A j(b)
so that
jlanb) = jla) A j(b)
as required. [ ]

Of course, we want to show that every nucleus arises as the kernel of a frame morphism.
To do that we refine the ideas of Defintion 3.8.

3.17 DEFINITION. A fixed set of a frame A is a A-closed subset F' C A such that
acAj = (xDa)c A,
for all a,z € A. [ |
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By Lemma 3.9 the closure operations on a frame A correspond to the A-subsets. This
correspondence refines as follows.

3.18 LEMMA. A closure operation j on a frame A is a nucleus precisely when its set A;
of fixed elements is a fived set.

Proof. Suppose first that j is a nucleus and consider
y=(rDa)
for a € A; and arbitrary x € A. We have x Ay < a, so that

v Ajly) <jl@)Ajly) <jlzAy) <jla) =a

to give
iy) <(xDa)=y
and hence y € A;. This shows that A, is a fixed set.

Conversely, suppose A; is a fixed set, and consider arbitrary z,y € A. It suffices to
show that

J@) N jly) < j(x Ay)
(since the converse comparison is a consequence of the monotonicity of 7). Let a = j(xAy),

so that a € A;. We have
ANy <jlxhy)=a

so that
y<(xDa)eA
to give
Jy) < (z Da)
and hence

zAjly) <a
holds. A repeat of this argument (with = and y playing different roles) gives
J@)Ajy) <a

which is the required result. |

Each nucleus j on a frame A has a fixed set A; and, by Lemma 3.10, j induces a
\/-morphism from A ro A; with j as its kernel. This refines as follows.

3.19 LEMMA. Let j be a nucleus on the frame A. The fized set A; is a frame, and the
assignment

s a frame morphism.
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Proof. By Lemma 3.10 the poset (A4;, <) is complete. Thus, by Lemma 1.7, it suffices
to show that A; carries an implication. But Lemma 3.18 shows that A; is closed under
the implication carried by A, and it is easy to check that this provides an implication on
A

J
By Lemma 3.10 the assignment j* is a Sup-morphism, thus we require

J (@ Ay) = 5"(x) A j*(y)

for z,y € A. This is immediate since j is a nucleus. |

With this we can prove the refinement of Theorem 3.14.
3.20 THEOREM. Let 5 be a nucleusn on the frame A, and let

f

A B

be a frame morphism with kernel k. Suppose j < k. Then there is a unique frame
morphism f* such that

commautes.

Proof. By Theorem 3.14 there is a unique Sup-morphism f* for which the triangle
commutes. Thus it suffices to show that this f* satisfies

i@ Ay) = i) A fiy)

for z,y € A;. This is an immediate consequence of the definition of f* since A; C A and
f is a frame morphism. |

The results of this section show that we ought to find out a lot more about nuclei. We
begin that in the next section.

4  Nuclei on frames

As in Definition 3.15, a nucleus j on a frame A is a closure operation that passes across
binary meets. The results of Subsection 3.3 suggest that these nuclei have a role to play
in the analysis of frames. In fact, as we will see later, they have a considerable impact on
the whole subject. In this section we look at a few of the basic examples and results.

4.1 DEFINITION. For each element a of a frame A we set
u,(z) = (a V) Vo(z) = (a D x) we(z) = ((z D a) D a)

for each x € A, to obtain three operators on A. |
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The operators w, are the same as those introduced in Definition 1.10, and we now see
that Lemma 1.11 shows that each of these is a nucleus. That is the harder part of the
proof of the following.

4.2 LEMMA. For each frame A and a € A, the three operators u,,v,, w, are nuclei on A.

Several straight forward calculations show that u, and v, are nuclei, but let’s look at
another proof.

The kernel of each frame morphism is a nucleus on the source. This can be a useful
way of showing that an operator is a nucleus. Here is a simple example of this technique.

4.3 EXAMPLE. Let A be a frame and let a € A be an arbitrary element. Consider the
two principal sections

[a, T]  [L.d]
above and below a. Each of these is a complete poset in its own right. In fact, after a few

moment’s thought we see that each is a frame in its own right (but neither is a subframe
of A, unless a takes an extreme position). However, each of the two assignments

f

A la, T] A [L,a

Yyr—aVy Yy——a Ay

is a surjective frame morphism. (You should check this and notice how the FDL is used.)
Each of these morphisms has a kernel k£ given by

y<k(x)<=avVy<aVz y<k(x)<=any<aAz

respectively. These give
k = u, k=v,

to show that u, and v, are nuclei on A.
The fixed set A,, of u, is precisely the interval [a, T| we started from. This fixed set
A,, of v, is not the interval [L, a], but is is canonically isomorphic to this interval. |

In a spatial situation the u, and v, nuclei have a common generalization.

4.4 DEFINITION. Let S be a space with topology OS, and let E C 5. We set
[E)(U) = (BUU)*

for each U € OS, to produce an operator on OS. |

Observe that for an open set A € OS we have

[A](U)=AUU
for each U € OS, and so [A] = uy on OS. Similarly, we have
[A(U) = (A UUY = (A5 U)

for each U € OS, and so [A'] = v4 on OS. Later we will see that u, and v, are
complementary on an arbitrary frame.
A proof of the following is straight forward.
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4.5 LEMMA. For each space S with topology OS and each E C S, the operator [E] is a
nucleus on OS.

Proof. Trivially, the operator [F] is inflationary and monotone. For F, G C S we have
(FNG) =F"NG°
and hence [F] is a pre-nucleus. Finally, for U € OS we have
[E(U) = [B)([EJV)) = (EU(EUU)) € (EUEUUY = (EUUY = [E](U)
to show that [E] is idempotent. |

As with the u, and v, nuclei, it is instructive to see [E] exhibited as the kernel of a
frame morphism. To do this consider a continuous map

¢

T S

from a space T to a space S. From Lemma 1.17 this induces a frame morphism and its
adjoint

¢*
o8

os oT

where
* — N !
¢o"(U)=0¢"(U)  ¢:(W) =9~ (W)
for each U € OS and V € OT'. This morphism has a kernel
Px 0 P

which has a simpler description.

4.6 LEMMA. For the situation above the kernel of ¢ is [E] where E =T — ¢~ (S), the

complement of the range of ¢.

Proof. Let k be the kernel of . Remembering the characterization k given by
Corollary 3.13, for each U,V € OS we have

VCEkU) <= ¢ (V) C o (U)
— (VteT)[p(t) e V= ¢(t) € U]
<« (Vse ¢ (T))[s eV = s e U]
— ¢~ (T)NV CU
— VCEUU — V C [E](U)

to give the required result. |

This idea deserve a bit of terminology.
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4.7 DEFINITION. A nucleus on a topology OS is spatially induced if it has the form [E]
for some £ C S. [ |

In general for a space there are nuclei on Q.S that are not spatially induced. In fact,
as we will see in [6] every nucleus on a topology is spatially induced precisely when the
parent space has a certain amount of pathology. Thus we could say that it is those nuclei
on a topology that are not spatially induced that are the interesting ones.

We first met the nuclei w, in Subsection 1.4, where I said they are important gadgets.
Here is one (but not the only) reason for saying that.

4.8 LEMMA. For each frame A and element a € A, when viewed as a frame the fived set
Aw,
1s boolean.

Proof. Observe that
a=wg(Ll)

is the bottom of A,,,. Consider any = € A,,,. We must produce some y € A,,, with
rTAy=a we(xVy) =T

where, of course, w,(z V y) = T is the join of z and y in A,,.
Let
y=(z>a)

so that
Wo(y) =Wa(z D a) = (We(z) Da)=(zDa)=y

By Lemma 1.11. In particular, y € A,,,. Also
TANy=xNa=a

since a < x. Thus it remains to deal with the join in A,,.
Using Lemma 1.9(iv) we have

(zVy)da)=(@>Da)A(yDa)=yA(yDa)=a

since a < y. Thus
we(zVy)=(aDa)=T

for the required result. n

Each nucleus w, gives a boolean quotient. What is more interesting is that ever
boolean quotient arises in this way.

4.9 THEOREM. Suppose

f

A B

s a surjective frame morphism with a boolean target B. Then the kernel k of f is w,
where a = k(L).
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Proof. In this proof it is convenient to write
La Ta 1l Tn
for the extremes of the two frames. Thus a = k(L ,4), and satisfies f(a) = Lp.

We first check that
(1) f@)Vf(xDa)=Tg
(z]) fl@)Anf(xDa)=1p

for each z € A.
For (z|) we have

@) A f(xDa) = flzA(rDa)) = flzAha) < fla) = Lp

to give the equality. This does not use any properties of B.
For (1) we know that f(x) has a complement in B and this is the image of some
element of A. Thus we have
fe)V f(z) =Ts

f@)Nf(z) = Ls
for some z € A. The lower one of these gives
fle Az) < f(La)

so that
zAz<k(ls)=a

(since k is the kernel of f) and hence
z2 < (zDa)
which with the upper one leads to
f@)V fxDa)= f(x)V f(z) =T

as required.
From (z7,z]) we have

b< f(z)<=bAf(xDa)=1p
for each b € B. Thus, for each y € A we have

y < k(z) <= fly) < f(x)
= fNfxDa)=1p=f(la)
= flyn(zDa)) < f(La)
< yA(xDa)<k(Ls)=a
<~ y<(rDa)Da — y < w,(x)

to give the required result. [ |

Each nucleus j on the frame A produces a quotient

At LA
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to the frame A; of element fixed by j. Furthermore, each quotient of A arises in this way
(up to a unique isomorphism over A). We have seen that u, and v, arise from

A

la, T] A

[L,a]

respectively, where a little bit of care is needed with the right hand quotient. What about

A J

Aw,

for arbitrary a? To answer that we first look at the particular case a = L.
For each x € A we have

wi(z)=((xD>1L1)D L)z
so that w, is just double negation on A. In particular
Ay, =A ={r e Al =2z}
is the set of regular elements of A. This is converted into a frame using
a2 Vy=-=(xVy)= (-7 A"y
as the join of x and y in A__. This is well known in topological circles.

4.10 EXAMPLE. For the topology OS on a space S the frame (OS)-- is the complete
boolean algebra of regular open sets of S.

We know that a regular element of OS is just a regular open set. For two such sets
U,V the join in (OS)-- is given by

UVV=--UuV)=(UuV)"°
which is precisely the way we convert the regular open sets into a boolean algebra. |

For each a € A the quotient A,,, is a complete boolean algebra. We have just seen
that
A=A

Whot

is the analogue of the boolean algebra of regular pen sets. To deal with A,,, for arbitrary
a we look at the interval
[a, T]

as a frame. What is the negation of an element = € [a, T] in [a, T]? It is that element
y € |a, T] such that
zLy<==zANzx<a

for z € [a, T]. In other words it is (x D a), which does live in [a, T]. Furthermore, the
double negation of z in [a, T] is just w,(z). Thus

[a7 T]_‘_‘ = AWa

to verify the following.
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4.11 LEMMA. For each element a € A of the frame A the kernel of the obvious composite
morphism

A

[a’ T] - [a’ T]—‘—\
18 Wq.

We will return to the nuclei w, many times during the course of these sets of notes.
We conclude this section with a little result which is occasionally useful.

4.12 LEMMA. Let j be a nucleus on a boolean frame A. Then j = u, where a = j(L).
Proof. For each x € A we have
a=j(L) <jl@)  x<j)

so that
aVaz<jz)

and it suffices to show the converse comparison.
Consider the negation —x of z in A. We have

T N\N—x=_1
so that
J@) A—x < jlz) Aj(or) = jlz A -x) = j(L) =a
and hence
jlx)y<avz
since A is boolean. |

In a way, this shows that, as frames, complete boolean algebras don’t hold much
interest.

5 Various reflections

In the course of these notes we hyave met several functors, some explicitly and some
implicitly. Let’s collect together in one place the important ones. As we do this you may
complain that some of the categories involved have not yet been defined. Don’t wory.
You will have a rough idea of what each category is, and precise definition are given in
the following subsections at the appropriate place.

By definition, each frame is both a A-semilattice and a \/-semilattice both carried by
the same poset. Thus, as indicated in Subsection 1.1, there are two functors

Frm

Meet ~— Frm Sup

where each forgets part of the carried structure. (You will soon see why these have been
written from right to left.) The functor to Meet can be factorized through the category
DIt of d-lattices

Meet « Dlt Frm
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where each functor forgets both stucture and property in various degrees. There is also
an extremely forgetful functor

Set Frm

to the category of sets and functors. In this section we consider the problem of providing
reflections for most of these functors.
Before we begin that there are two other functors

Top CBA — Frm

Frm

that are worth mentioning. These are significantly different in several ways.

The first, from Frm to Top appears in Subsection 1.2. This is contravriant, so it
does not make sense to think of it as forgetful. Nevertheless, it does have an adjoint, that
is it is part of a contravariant adjunction between Frm and Top. This the central topic
of [5].

The second, from CBA to Frm appears in Subsection 1.3, and is forgetful. However,
it does not have a reflection (for set theoretical reasons). This is the central topic of [7].

5.1 Reflections in general

It seems obvious that we should start with a definition of ‘forgetful’ functor. There is
such a definition but it isn’t much use. Here we use the terminolgy in an informal way.
We don’t need a precise definition since we only consider a finite number of examples,
and we will all agree that these functors are forgetful.

For us a functor

Gauch <g— Fine

is forgetful if ‘G’ can be omitted in calculations without causing too much confusion.
Thus G converts each Fine-object A into a Gauch-object GA which we can think of as
A viewed as a Gauch-object. For instance, each frame can be viewed as a \/-semilattice,
a d-lattice, a A-semilattice, or even as a set. We simply ignore some of its structure or
property. Similarly G converts each Fine-arrow f into a Gauch-arrow G(f) which we
can think of as f viewed as a Gauch-arrow. For instance, each frame norphism f can
be viewed as a \/-morphism, a lattice morphism, a A-semilattice morphism, or even just
as a function. We simply ignore some of its preservation properties.

Suppose we have a functor G, as above, which we can think of forgetful. A reflection
(over G) or a left adjoint F - G is a functor

f
Gauch —— Fine

which iteracts with ¢ in a certain way. For what we do here the following is the most
appropriate characterization. Remember that a forgetful functor need not be mentioned
in calculations.

5.1 DEFINITION. Let G, as above, be a forgetful functor. Let S be a Gauch-object.
A reflection of S into Fine is a selected Gauch-arrow

s . rg

to a selected Fine-object FS with the following universal property.
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For each Gauch-arrow

S A

to a Fine-object A there is a unique Fine-arrow

#
FS / A
such that
S f - A
k %
FS
commutes.

We say Fine is reflective in Gauch (via G) if each Gauch-object has a reflection in
Fine. |

Notice the stucture of this definition. We first consider when a single Gauch-object
S can be reflected into Fine, and the we impose that conditions on all Gauch-objects.
There are some forgetful functors for which only certain objects can be reflected. An
analysis of one such example is the central topic of [7]. Here we consider only cases where
all objects can be reflected.

Notice that in Definition 5.1 I omitted to mention the functor G in certain places. For
instance, the selected arrow shold be

s . (GoF)s

since it lives in Gauch. If you find this confusing, then write out the definition in full
and try to prove the following standrad result concerning adjunctions.

5.2 THEOREM. Let G be a forgetful functor, as above. Suppose each Gauch-objet has a
reflection

5775

(GoF)S
into Fine Then
S——FS

1s the object assignment of a functor

f
Gauch —— Fine

and the Gauch-arrow ng is natural for variation of S.
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Observe that in the defintion of a reflection

s | rg

ecach Gauch-arrow

f

S A

must factor uniquely through ns. This uniqueness can often be seen as a special property
of ng.

5.3 DEFINITION. Let G, as above, be a forgetful functor. Let S be a Gauch-object, and
let

s . rg

be a selected Gauch-arrow to a Fine-object FS.
We say ng is Fine-epic if

gons=honsg=g=nh
holds for each parallel pair

FS A

—_—

of Fine-arrows. [ |

This terminology would not be acceptable to a hard line category theorist, but the
notion is still useful.

5.2 Reflection from Meet

Recall that a A-semilattice is a structure
(S, <A, T)

where (5, <) is a poset with top T and A is a binary meet on S, that is a binary operation
such that
z<zNy<=z<zand z <y

for all x,y, 2 € S. These are the objects of Meet. A morphism

S

S T

between two such object is a function f (from S to T') such that

(M =T flany) = flx) A [fy)
for all z,y € S. Such a morphism is automatically monotone. These are the arrows of
Meet.
Each frame is, can be viewed as, a A-semilattice, and each frame morphism is, can

be viewed as, a A-semilattice morphism. This gives the forgetful functor from Frm to
Meet. Our job in this subsection is to describe the reflection in the other direction.

41



5.4 DEFINITION. Let S be a poset.
A lower section of S is a subset L C S such that

y<rxel=yel

(for z,y € S).
Let £S be the poset of all lower sections of S under inclusion.

A simple exercise shows that for each subfamily X C £S (where S is a poset) both
UA& and X is a lower section. In particular, £S is a complete lattice (of a concrete
kind). Since LS sits inside the power set of S another simple calculation shows that £S5
is a frame. (In fact, £S is a topology on S but we don’t need that here.)

5.5 DEFINITION. Let S be a poset.
For each a € S
As(a)=la={z €S|z <a}

is the principal lower section generated by a. ]

This gives a function

Ag: S — LS

and, almost trivially, this is monotone. This construction can be carried out for any poset
S. When S is a A-semilattice we get a bonus.

5.6 LEMMA. For each N-semilattice S the assignment

As

S LS

1s a N\-semilattice morphism.

Proof. For convenience let A = Ag.
Trivially we have A\(T) = S which is the top of LS.
Consider any a,b € S. Then for each z € S we have

z€ANaAb) <= z<aAb
<= z<gand z <D
<= z € Na) and A\(b) <= z € A(a) N A(D)

and hence

AMa Ab) = Aa) N A(b)
to give the required result. |
We show that this assignment A\g give the reflection of the A-semilattice S into Frm

in the sense of Definition 5.1. That notion requires a wunique factorization of certain
morphisms f. This is where the notion of Definition 5.3 is useful.
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5.7 LEMMA. For each N-semilattice S the N\-semilattice morphism

As

S LS

1s Frm-epic, that is
godg=hols=g=nh

holds for each parallel pair

LS

of Frm-arrows.
Proof. For convenience let A\ = \g, and suppose
goA=hol

for some parallel pair g, h of Frm-arrows.
For each X € LS we have

X=U{lalae X} =U{Ma)|a e X} =UAT(X)
and hence
9(X)=V{(goN(a)|lae X}  V{(goA)(a)|a€ X} =h(X)

since both g and h are \/-morphisms. The required result is now immediate. |

Notice that we have actually proved a little more here. For each poset S the assignment
As is Sup-epic, but we don’t need that strengthening.
This result gives us ‘one half’ of the main result of this subsection.

5.8 THEOREM. For each N-semilattice S the morphism
As

S LS

provides a reflection of S into Frm.

Proof. For convenience let A = Ag.
We know that LS is a frame and, by Lemma 5.6, the assignment \ is a A-semilattice
morphism. Consider any A-semilattice morphism

f

S A

to a frame A. By Lemma 5.7 there is at most one frame morphism

fﬁ

LS A

such that f = f* o A\. Thus it suffices to show that there is at least one such morphism.
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For each X € LS let

FUX) = VI (X) = V{f(x) |z € X}

to obtain a function f#: £S —— A. For each s € S we have

f(s) € f~(ls) C Lf(s)
so that
(fFoX)(s) = fi(ls) = V[ (Ls) = f(s)
to show that f = f* o \ (as functions).

It remains to show that f* is a frame morphism.
To show that f* passes across arbitrary suprema consider any X C £S. We have

FUX) =V Jax) = V{f(2)[zcUx}
V(X)) = V{F(X) | X € X} = V{f(x) |z € X € X}

and hence
FUX) =V (X)
as required.
Note that this property ensures that f* is monotone.
To show that f* passes across binary infema consider any X,Y € £S. Since f* is
monotone we have

FXNY) CFX)AF(Y)

so out final job is to check the converse comparison.
We have

POANFY) = (V{f@) e e XHAN{F@) lye YY) =V{f@)Afly)|ze X,y eV}
where the second equality follows by two uses of FDL (in the frame A). Also
reX,yeY =AY eXNY
so that, since f is a A-semilattice morphism,
PFXOANFY)=V{f@ny) |z e X,y e Yy <V{f(x)]2€ X,nY} = fA(XNY)

as required. [

Although not directly relevant here, it is worth observing that almost the same con-
struction and proof produces a reflection from Pos into Sup. You should work through
the details of this to see exactly where the frame theoretic properties are used in the proof
of Theorem 5.8.
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5.3 Reflection from DIt

Recall that a bounded lattice is a structure
(D, <,A,T,V,1)

where (D, <) is a poset with top T and bottom L, and where A and V are binary meet
and join operations on D, that is

rVy<z<=zr<zandy<z
z<zNy<=z<zand z <y

for x,y,z € D. Such a lattice is distributive if both

(Va,z,y € D)[aV (z ANy=(aVz)A(aVy)
(Va,z,y € D)[aN(xVy=(aNzx)V(aAy)]

hold. In fact, only one of these identities is necessary since each implies the other.
A d-lattice is a bounded distributive lattice. These are the objects of DIt.
An arrow

f

D E

of DIt is a lattice morphism from D to E. Thus
f(T)=T () =1
flany) =) fly)  faVy) = flz)v )

for each x,y € D. Such a morphism is automatically monotone.
This category DIt sits between two forgetful functors

Meet « Dlt Frm

where each forgets both structure and property in various degrees. In this subsection we
look at a reflection for the right hand functor.

5.9 DEFINITION. Let D be a d-lattice.
An ideal of D is a non-empty lower section X € LD such that

r,ye X —axVyeX

for all z,y € D.
Let ZD be the poset of all ideals of D under inclusion. [ ]

We will show that
D——71D

is the object assignment of the reflection functor from DIt to Frm. Thus our first job is
to expose the frame structure of ZD.

Almost trivially, for each family X C ZD the intersection [ X is an ideal. Thus the
poset ZD has all infima and so is a complete lattice. Observe that the singleton {1} is
an ideal of D, and so is the bottom of ZD. Similarly, D is an ideal, and so is the top of
ID.

Since ZD has all infima, it also has all suprema. However, these are not just unions.
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5.10 LEMMA. Let D be a d-lattice, let X CID, and letY C D be given by
yeY << 3ry,...,zn e UX) [y <z1 V-V,
forye D. Then'Y s an ideal and is the supremum of X in ZD.
Proof. Trivially, Y is a non-empty lower section of D. Given y,z € Y we have
y<z1V---Va, 2 T V-V,
for z1,...,x, € [JX. But now
yVz<xyV---Vz,

to show that y V z € Y. Thus Y is an ideal of D.
Trivially, | JX C Y, so that /X C Y. We need the converse inclusion.
Consider any ideal Z € ZD with |J&X C Z. Consider any y € Y. We have

y<z1V---VI,

where
T, €EJXCY
so that
y<zyV---Vz,, €L
and hence y € Z. Thus Y C Z and hence Y = \/X. |

Of course, we need ZD to be a bit more than a complete lattice.
5.11 LEMMA. For each d-lattice D the poset TD 1is a frame.

Proof. We know that ZD is a complete lattice, so it suffices to show

XOVY=V{XnY[Y eV}

for X € ZID and Y C ZD. The inclusion ‘O’ is trivial, so it remains to verify the converse
inclusion.
Consider
ze XNnVY

so that z € X and
2<y1 Ve Vin

where y; € Y; € Y for 1 <17 < m. Since D is distributive we have
z=zANy1 V- Vyn)=(EZAY) V-V (2AYn)
where z Ay; € X NY, for 1 < ¢ < m. This shows that

ze\{XNY|Y ey}
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as required. [ ]

There is another method of showing that ZD is a frame, namely by exhibiting the
implication operation on ZD. You will find it instructive to work out the details of this
proof.

For each a € D (a d-lattice) the principal lower section

is an ideal of D, that is n(a) € ZD.
5.12 LEMMA. For each d-lattice D the assignment

ks

D D

1s a lattice morphism.

Proof. For convenience let n = np.
Since
n(T)=1T=D  n(l)=]L{L}

it suffices to show
n(anb) =n(a) Nnb)  nlaVvb)=mnla)Vnb)
for a,b € D. The left hand equality is immediate, as is the inclusion
n(a Vo) S nla)Vn(b)

so it suffices to check the converse of this.
Consider z € n(a) V n(b), that is

z<xVy
for some x < a and y < b. Then
z<zVy<aVbd

so that z € n(a V b), to give the required result. |

We will show that the lattice morphism

s}

D D

provides a reflection of the d-lattice D into Frm. The proof of this will follow that of
Theorem 5.8, so that first thing we need is an analogue of Lemma 5.7 The only minor
problem is that suprema in ZD need not be unions.
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5.13 LEMMA. For each d-lattice D the lattice morphism

1D

D D

1s Frm-epic, that is
gons=hons=g=nh

holds for each parallel pair

D

of Frm-arrows.

Proof. For convenience let n = ng.
Consider X € ZD and let

X = (X) = {lz|z € X}
to obtain X C ZD with X = (JX. Consider z € \/X (as computed in ZD). Then

for some z1,...,x, € X. But now y € X (since X is an ideal) so that z € |y € X. This
shows that

Vx¥y=yx=X
which helps us out of the minor problem
Suppose
gon=hon

for some parallel pair g, h of Frm-arrows. Then, since both g and h are \/-morphisms we
have

9(X) =g(VX) =V(gon)"(X) = V(hon) (X) = h(VX) = h(X)
to give the required result. ]

With this we can obtain the reflection result. This is the analogue of Theorem 5.8,
and much of the proof is exactly the same.

5.14 THEOREM. For each d-lattice D the morphism

Np

D D

provides a reflection of D into Frm.

Proof. For convenience let n = np.
We know that ZD is a frame and, by Lemma 5.12, the assignment 7 is a lattice
morphism. Consider any lattice morphism

D
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to a frame A. By Lemma 5.13 there is at most one frame morphism

#
D / A

such that f = f* on. Thus it suffices to show that there is at least one such morphism.
For each X € ZD let

FUX) =V (X) = V{f(@) |z € X}

to obtain a function f*:£S —— A. As in the proof of Theorem 5.8 it suffices to show
that f* is a frame morphism. The proof that f* passes across binary meets is exactly
the same as in the proof of Theorem 5.8. Thus it suffices to show that f* passes across
arbitrary suprema.

Consider X C ZD. We must show that

LHS = f(VX)  RHS=\/f"(X)
are equal. However, we have
LHS =V~ (V&) =V{/(y)lye VX}
RHS = V{f*(X)| X € X) =V{f(y) |z € X € VX}
so that RHS < LHS is immediate. Conversely, consider any y € \/X. We have

y<z1V---VI,
where z; € X; € X for 1 <i <m. Thus, since f is a lattice morphism, we have
fy) < fleve--Vay) = f(z) V-V flzm) < RHS

and hence

LHS =V{f(y)|lye VX} < RHS

as required. [

This deals with the reflection from DIt to Frm. Before we move on it is worth
making a few remarks about the reflection from Meet to DIt. This can be set up using
a construction very simular to that used in Subsection 5.2. The main difference is that
the target here is an object with only finitary suprema, whereas there it has arbitarry
suprema. It is an instructive exercise to worh out how this is done, and to check that the
composite of the two reflections

Meet —— Dlit ——— Frm

is essentially the same as that of Subsection 5.2.

We conclude this subsection with a result which at fist sight looks to be little more
than an interesting curiosity. However, it is more than that.

Consider a frame A. This is a d-lattice, and so has its own associated frame Zd A of
ideals. We have a d-lattice embedding

A 144
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but in general this is not a frame embedding.
Each ideal I of A is a subset of A, and so has a supremum \// in A. This gives us an
assignment

TdA—S4 . 4
I— I

where
Caomna =1tdy

(since each value of 7,4 is a principal ideal).
5.15 THEOREM. For each frame A he assignment

Ca

ZdA A

s a frame morphism.

Proof. For convenience let ¢ = (4.
Trivially we have

{Lh =14 sCA)=T
and ¢ is monotone. Thus it suiffices to show
C)n¢)<crnd)  ¢VI) <V{C()|J € T}
for each I,J € Zd A and J C Zd A.

For the left hand comparison we have

CIYACT) = (VD) A (VI) = V{aAblae Lbe Jy < \(INJ)=¢(INJ)

where the second, crucial, equality follows by two uses of FDL.
For the right hand comparison consider any b € \/J. We have

b<aV---an

for some selection
aehedJ,....,ap€Jne€T

of ideals from J and elements from these ideals. For each such b we have
b<\/J1V---V\J, < \T
to give the rquired result. [ ]

Sometimes the map (4 is called the structure morphism of A.

5.4 Reflection from Sup

When I was preparing these notes I set up the various sections and subsections as listed
in the Contents. When I came to write this subsection I realized that I didn’t know how
to reflect a \/-semilattice into a frame. Thus this is a very short subsection.

If T find out more information on this aspect, then I will let you know.
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5.5 Reflection from Set

Each frame can be viewed as a set to give us a forgetful functor

Set Frm

to the category of sets and functions. In this subsection we look at the left adjoint

Set Frm

to this forgetful functor. Thus to each set X we attach a frame ®X which is often called
the free frame generated by X. This last notion is a bit finicky to make precise, but it is
intuitively clear what the phrase means.

We give three versions of the reflector ®.

In Block 5.5.1 we show that ® can be obtained as the composite of two functors, each
of which is a reflector. The two components are easy to describe, and one of them is the
reflector of Subsection 5.3. The required universal property of ® is an easy consequence
of the corresponding properties of the two components. However, sometimes we need to
get inside @, and this particular description does help us do that.

In Block 5.5.2 we give a direct construction of ®, and verify the required properties
by direct calculation. This construction is essentially the same as that of Block 5.5.1
but with most of the categorical aspects stripped away. There is nothing wrong with the
construction, but it can leave you a bit disappointed. It doesn’t really explain why the
reflection exists.

In Block 5.5.3 we give another direct construction of ® which really gets to the heart
of the matter. Most of the required verifications are simple, one line, affairs. And right
in the middle there is a simple result which, as we will see, makes the whole construction
work. However, it has to be said that at this stage the whole story can not be told. There
are no gaps in the proof, but there is other relevant information that is not given, because
we don’t have the background material. That will be done in [5].

5.5.1 A 2-step frame reflection

For the first construction of the reflector

)

Set Frm

we consider the two forgetful functors

Set Meet Frm

where Meet is the category of A-semilattices. By Subsection 5.3 we know the right hand
functor has a reflector, and in this subsection we show that the left hand functor has a
reflector. Thus we obtain a pair of functors

L
Set Meet — Frm

together with natural assignments

Mx Am

X MX M LM
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for each set X and each A-semilattice M. These two assignments have certain universal
properties. We wish to show that
d=LoM

is the required reflector. But this is a simple peace of abstract nonsense.

5.16 THEOREM. For each set X the assignment

Nx = AMmx O [x

X oX

reflects X into a frame.

Proof. We know that
dX = L(MX)

is a frame, so it suffices to verify the required universal property.
To this end consider any function

f

X A

from X to a frame A. Since A is a A-semillatice we obtain a commuting triangle

X / A
N A
MX

for some unique A-semilattice morphism f% Using this we obtain a second commuting

triangle
X / A
f* f*
X
MX dX
AMx
for some unique frame morphism f* This, mor or less, completes the proof. ]

Our problem now is to produce the reflector M. This is just as easy to describe,
but there is a little twist that can cause a hiccough. (The same method we use will also
produce a reflection from the category of posets into Meet. It is instructive to go through
that construction because the role of the twist becomes more obvious.)

Let X be any set and let

Peos X

be the poset of cofinite subsets of X. These are the subsets of the form

FF=X-F
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for finite /' C X. Since
F'nG =(Fuqg)

we see that P.; X is a A-semilattice with top X = (Y. We show that the assignment

X

X Peos X
r— {x}

reflects X into Meet.
We deal with the required uniqueness in the standard way.

5.17 LEMMA. For each set X the assignment

x X px
158 Meet-epic.
Proof. For convenience let p = px.
Consider any parallel pair
g
Peop X M

of functions to a A-semilattice, and suppose g oy = ho p. Consider an arbitrary member

F' of Py X. We have
F=U{{z} |z € F}

and this is a union of finitely many singletons. Thus

F'=N{{z} |z € F} = {u(z) |z € F}

and this is an intersection of finitely many singletons. The presevation property of g and

h now gives
g(F") = g(N{n(x) |z € F}) = NMg(u(z)) |z € F}
h(F') = h({u(z) |z € F}) = AMh(u(@)) [z € F}

which leads to the required result. |

The whole proof is just as easy.
5.18 THEOREM. For each function

f

X M

from a set X to a N-semilattice M, there is a unique Meet morphism

f
Peos X / M
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such that

X

/ M
/i
cof X

N
P

commutes. This morphism f* is given by
FE) = NFT(F)
for each finite F C X.

Proof. Much of this is routine. The only real problem is to show that f* is a A-
morphism, that is
FE'NG) = fHF) A FH(E)
for finite F,G C S. But
FAE'NG) = FI(FUG)) = NMf(2) |z € FUG}
and
FAE) NG = Mf(@) |z € FY AN f(y) |y € G

so the required equality is immediate. [ ]

These two functors

Set Meet Frm

combine to produce the reflector of Set into Frm. Let’s see what this does.
Consider any set X. At the first step we take the semilattice

Peos X

of cofinite subsets of S. We then take the frame of lower sections of this poset. Thus a
typical member of the constructed frame has the form

{F'|F e F}

where F is certain family of finite subsets of X. Because we want to obtain a lower section
of Peos X, this family F must be upwards closed, that is we require

FeF—=—=GeF

for all finite subsets F' C GG of X.

In short, for each set X the reflection of z into Frm is carried by the upwards closed
subfamilies of Pg, X, the family of finite subsets of X.

This is the carrier of the required reflection of X. I will leave you to sort out the carried
lattice theoretic attributes for yourself. Perhaps you can already see that this description
is a bit convoluted, and not very helpful if we have to do any particular calculations.
Luckily, there is a neater description of the reflector.
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5.5.2 A l-step frame reflection

In this and the next block we describe a 1-step reflection functor

Set Frm

which does not go via an intermediate category. The two blocks both produce the same
functor. The difference is that in this block we give a more ‘elementary’ description of
the functor and get involved in one or two messy details, whereas in the next block we
try to expose the underlying categorical reasons for the existence of the reflector. You my
prefer to skip this block and go straight to the next one.

Recall that sierpinski space

2-{0,1} ©2=1{0,{1},2)

is the two point space with one point open and the other not. It is convenient to label
these points as indicated. In other words, sierpinski space is the two element poset 0 < 1
furnished with the Alexandroff topology.
For each set X we have the set
Set[X, 2]

of function
p:S—2

from X to 2. Sometimes these set of functions is written as X2 or as 2~. Later you will
see why we have written it as Set[X,2]. Notice that the members p of Set|X,?2] are just
the characteristic functions of subsets of X. For that reason we refer to each such p as a
Set-character of X, or just character when there is little chance of confusion. (Later we
will meet Alg-characters for several categories Alg of algebras.)

Since 2 is a topological space we can use the product topology to obtain a topology

®X = OSet[X, 2]

on this set of characters. In due course we show that ®.X is the free frame generated by
X. To do that we need a bit of notation.
We work with

finite subsets of X families of finite subsets of X

and it is convenient to use this fount convention to help us distinguish between these.

5.19 DEFINITION. Let X be an arbitrary set.
(a) For each x € F we let

pen(z) = pr)=1

for p € Set[X, 2] to produce a subset n(z) of Set[X, 2].
(b) For each F' € P, X we let

n(F) = {n(x) |z € F}
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to produce a subset n(F) of Set[X,2].
(c) For each F C Pp,, X we let

n{F) =U{n(F) | F e F}
to produce a subset n{F) of Set[X,2]. |

In other words, n(z) is a typical subbasic open set of Set[X,2]. Similarly, n(F) is a
typical basic open set of Set[X, 2], and n{F) is a typical open set of Set[X,2]. Observe
that

n(F) Nn(G) =n(FUG)

for F,G € P, X.
We will show that the assignment

X s ox = O8et[X,2]

reflects S into Frm. Strictly speaking, we should have written nx for n, to indicate its
parent set. We don’t need to do that in this block, but we will in the next block.

Reflection are concerned with unique factorization of certain morphisms. To achieve
that uniqueness here we prove an analogue of Lemmas 5.7 and 5.13

5.20 LEMMA. For each set X the function

Ui

X dX

1s Frm-epic, that is
gon=hon=g=nh

holds for each parallel pair

g
OX A
h
of Frm-arrows.
Proof. Suppose
gon=hon

for a pair of frame morphisms g, h, as indicate. In other words, we have
g(W) = h(W)

for each subbasic open subset W € OSet[X, 2], since each such W has the form 7(z) for
some r € X.

Consider any basic open set V of OSet[X,2]. This has the form n(F) for some
F € P, X, and so is a finite intersection of subbasic open sets. Thus

g(V) = h(V)

since both g and h are A-semilattice morphisms.
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Consider any open set U of OSet[X,2]. This has the form n(F) for some F C P, X,
and so is a union of basic open sets. Thus

since both ¢g and h are \/-morphisms. |

Now come the substantial part of the proof.
Given a function

X / A
to some frame A, we must produce a factorization
X / A

N A

for some frame morphism f*. By Lemma 5.20 there is at most one such morphism, and
we have to exhibit it. What can it be? Consider any U € ®X. This has the form

U=n(F)=U{nF)|FeF}
for some F C Pg, X. Thus
FHU)Y =\ (n(F) | F € F}

since f* passes across suprema. For each F' € F we have
F=A{xy,...,x,}

(for some z1,...,z, € S), and then

n(F) = () O - Nn(em)

to give
Fra(F)) = (Ffrom(@) A A(fF o) (wm)
since fti passes across meets. But
from=f
so that
Fr(F)) = N~ (F)
and hence
(8) i U=n(F) then fH(U) = VIAST(F) | F € F}

which appears to be an explicit description of f*.

We would like to use (f) as a definition of this fill-in. Unfortunately, this description
depends on the family F with U = n(F). For a particular U € OSet[X, 2] there may be
many such families F. Thus before we can use (§) as a definition we must show that the

right hand side is independent of the choice of X. To achieve that we prove something
slightly stronger.
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5.21 LEMMA. For the situation described above, suppose
n(F) € n(G)
for F € Pgox and G C P, X. Then
Nf(F) <VIAF(G) |G e G}
holds.

Proof. For convenience let

a=NF)  b=V{N[T(G)|Ge g}

so we require a < b.
Consider the function
p:S—2

where
p(z) =1+=a< f(2)

for z € X. For each x € F we have a < f(x) and hence p(z) = 1. Thus
p € n(F) S n(g)

so that p € n(Y') for some Y € Y. But now p(y) = 1 and hence a < f(y) for each y € G,
to give

a < Nf7(G) <b
for the required result. [

A particular case of this shows that the value f*(U) given by () is independent of the
representation of U.

5.22 COROLLARY. For each F,G C Pg, X, if

n(F) =n(g)

then
VINfT(E) [ FeFr=V{ANfT(G)|G e g}
holds.

This result shows that (f) is a well-defined description of a function
ffoexX — A

from the ‘free’ topology to the target frame. Our job now is to show that this function
has all the required properties. We do this bit by bit.

5.23 LEMMA. The function f* is monotone.
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Proof. Consider open sets U C V of Set[X,2]. Let

U=n(F) V=n(G)
for F,G € Pgpx. For each F' € F we have

n(F) CUCV=n(G)
and hence

NFT(F) < VINFT(G)G e G} = FA(V)
by Lemma 5.21. But now
FAU) =VINF(F) | F e FY < FA(V)

to give the required result. [ ]

Next we look at half the required morphism properties.
5.24 LEMMA. The function f* is a A-morphism.
Proof. The top T of ®X is the whole space Set[X,2]. To show
FAT)=Ta
we need to locate F C P, X with T' = n(F). We show that
F={0}
will do where () C P, X. We have
n®)=N0=X
for remember that this intersection is computed in ®.X. Thus
n{{0}) =U{n(F) | Fe{l}}=n0) =X
as we claimed. Similarly since f~ () is empty we have
A7) =Ta
for remember that this infimum is computed in A. Thus
FAT) =sup{ AfT(F) [F e {03} = Af~(0)=Ta

to show that f* preserves top.
For the more substantial requirement consider U,V € ®X and let

U=n{F) V=n(G)
for 7,G C Ps, X. Let H be the family of all sets F UG for ' € F and G € G. We have

unv=U{nF) | FeFinUnG)|Ged}
=U{n(F)nnG) | FeF Geg}
=U{n(FUQG)|FeF GegG}
=U{n(H)|H € H} = n(H)
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to give a representation of U N'V. Remember also that

NFT(E)NNFT(G) = NfFT(FUH)

for arbitrary X, Y. With these we have

fu)y =VINfT () | FeF}
V) =VINfT(G) G eg)
FAUNV)=V{Af~(H)|H € H}

so that two uses of FDL (on A) gives

FO)A V) =VINfT(F) I F e FYAVIAf(G) |G € G}
=VINfT(E)ANNT(G) | F e F,G e G}
=VINfT(FUG)|F e F,Geg}
=V{N/T(H)|H € H} = f(UNnv)

as required. ]
There is just one more step to go.
5.25 LEMMA. The function f* is a frame morphism.

Proof. By Lemmas 5.23 and 5.24 it suffices to show that f* is a \/-morphism.
The bottom of ®X is the empty set () (as a subset of X). To show

FA0) = La
we need to locate F C Pg, X with ) = n(F). In fact F = () will do since
n{0) =U{n(F) [ Fed}=Ub=10
for remember that this union is computed in ®X. Similarly since f~ () is empty we have
Nf7(0)=Ta
for remember that this infimum is computed in A. Using this we have
F@) = VAN T(F) [ F e} =V0 =L,

for remember that this supremum is computed in PX.
For the more substantial requirement it suffices to show that

FUU) < {F(0) U e U}

forU C ®S.
Consider such a Y. We may index this as

U={Uliel
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for some index set I. For each index 7 let
Ui = n(Fi)

for some F; C Ppp, X. Let
F=U{F|iel}

to obtain another F C Pp, X. We have
Uu=U{U:lieI}
=U{n(F)|iel}

=U{Un(B) [ FeFliel}
=Un(F) [ FeFiiel}

=U{n(F) | FeF} = (&)
to give a representation of | JU. Using this we have
FU) = VN (F) | F e 7}

and
FAUU) = VNS~ (F) | F e F}

where this second supremum can be partitioned using /. This gives

FUU) = VU li e I}

as required

This almost completes the proof of the following.
5.26  THEOREM. For each function
f

X A

from a set X to a frame A, there is a unique frame morphism

#
oX / A

such that

N

oX

commutes. This morphism f* is given by (4).
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Proof. The only thing left to do is to check that f*on = f. To this end consider any
r € X, let
F=A{z}  F=AF;

so that
n(F) =nlx)  9(F)=n(F)=n(z)
and hence
(ffon)(x) =VINfT(F)|F e F} = f(a)
as required. [ ]

The fact that this reflection ®X is the topology on a rather canonical space Set[X, 2]
associated with the set X will be useful later.

5.5.3 A better 1-step relection

The idea of the previous block seems quite simple, but some of the calculations do tend
to get to obscure what is going on. There is a cleaner account of the construction using
various functorial properties. At the heart of the construction is the relationship between
a frame and its spectrum as a d-lattice. That material is developed in [5]. Nevertheless,
with a bit of give and take, it is possible to give a version of this cleaner account.

Consider a frame A. We may forget all of its structure and view it as a set to produce
a topology ®A and an assignment

A g4

which is just a function. We may also view A as a d-lattice and so obtain the associated
frame Zd A of ideals of A.

5.27 THEOREM. For each frame A there is a unique frame morphism

LA

A ZdA

and furthermore
(taona)a) = la
for each a € A.

We will prove this result at the end of this block. Before that let’s see how it can be
used to produce the required reflection.

We use a slight modification of ¢ 4.

By Theorem 5.15 we have a frame morphism

TdA—S4 . 4
I—— /I

which sends each ideal I of A to its supremum in A. In particular, if [ is principal then
this assignment picks out the principal generator. Let

oA

DA A
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be the composite

LA Ca

A ZdA

of the two frame morphism. We have
dpons=1id,

since each value of 14 o ny4 is principal.
Consider a function

f

X A

from a set X to a frame A. How might we produce a factorization

f=1r o nx
of f where f*is a frame morphism?
The function induces a function
Set[X, 2] Set[A, 2]
pof i p

in the opposite direction. We easily check that ¢ is continuous with respect to
dX DA
the two carried topologies. In fact

¢~ (nx () = na(f(x))

for each x € X. Thus we obtain a commuting square

X_f,A

Nx nA

OX —— DA
¢

of functions where ¢ is a frame morphism. With

fr=0400¢"

we have
ffonx =do0¢ " onx=donaof=f
for the required factorization.
This shows that the morphism ¢4 is the heart of the reflection property. Of course,

since n4 is Frme-epic, there is at most one such morphism ¢4. Thus to prove Theorem
5.27 it suffices to exhibit one such morphism.
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We now deal entirely with the frame A. Thus we may drop various decorations and
write

="na L=1ta

for the known function and the required morphism.
Let
T = Set[A, 2] S = DIt[A, 2]

so that T is the set of functions which carries the topology
PA =0T

and S is a certain subsets of T'. In fact, S is the set of DIlt-characters of A, the set of
those functions
prA—2

which happen to be DIt-morphisms, that is

p(T) =1 p(L)=0
plaAb) =p(x) Aply)  plaVb)=pla)Vpb)

for each a,b € A.
We may topologize S as a subspace of T', and then S is nothing more than

spec A

he lattice spectrum of A. In [5] we will obtain a better understanding of this space, and
that will the following construction quite obvious.

The secret ingredient of the Stone representation of a lattice is a certain choice principle
used as a separation technique. Here is the version we need.

5.28 Separation Principle. Let a € A be an element and let I € Td A be an ideal of the
frame A, and suppose a ¢ I. Then

pla)=1  p=(I) = {0}
for some p € S = DIt[A,2].
We can write down the definition of the required morphism ¢ immediately.
5.29 DEFINITION. For each U € OT = ®A let +(U) be the subset of A given by
actlU)<=nla)nsSCU
(for a € A).
Of course, proving that this does the required job takes a little longer.

5.30 LEMMA. For each U € OT the subset «(U) C A is an ideal of A.
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Proof. Since
n(L)ynsS=10

we have L € ((U), and trivially +(U) is a lower section of A.
Consider a,b € +(U). Thus

and we require a V b € «(U). But, for

penavb)ns

we have
p(a) Vp(b) =plaVvb) =1
so that
pla)=1 or p(b) =1
and hence
peN(a)NSCU or penlb)NSCU
to give the required result. ]

trivially we have

(0)y=10 (T)y=A

and ¢ is monotone. Also, a few moment’s thought gives
U)Nu(V)=(UNYV)
for U,V € OT'. Thus we have the following.

5.31 LEMMA. The assignment

or ZdA

18 a N-semilattice morphism.

Most of our work is concerned with the interaction of ¢ with unions in 7. For that we
need a preliminary observation.

5.32 LEMMA. We have
uvnsS=U{ne)nS|aec(U)}
for each U € OT.

Proof. The inclusion ‘O’ is trivial, by the construction of ¢(U). Thus it suffices to
verify the converse inclusion.
Consider any p € U N S. Since P € U we have

pen(a)N---Nnlay,) CU
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for some aq,...,a,, € A. Let
a=ai N N\ay,

so that
q(a) = qlar) A -+ A qlam)

for each ¢ € S. This gives
n(a)NS=nla)N---Nnla,) NS CU

so that a € «(U), and p € n(a) NS, for the required result. |

By construction, we know that
{n(a)|a e A}
is a subbase for the topology OT on T'. This last result shows that
{n(a)NS|ac A}

is a base for the topology OS on the subspace S.
Consider any family &4 C OT'. This gives us a family

{((U)|U eU}
of ideals of A, and we may form the supremum
V{U)|U e U}

in ZD. How does this relate to ¢(| JU)? To answer that we need the Separation Principle
5.28.

5.33 LEMMA. Consider U C OT, and set
J=1(JU) I=V{(U)|U eU}
to obtain two ideals J and Iof A. Then J = 1.

Proof. We have I C J since «(-) is monotone.
For the converse, consider any a € J and, by way of contradiction, suppose a € I.
Then the Separation Principle 5.28 gives

pla)=1  p~(I)={0}
for some p € S. Since p(a) =1 and a € J, we have
pen(a)nscUu
and hence p € U for some U € U, But now Lemma 5.32 gives

petUnsS=U{nb)nS|be(U)}
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and hence p(b) = 1 for some b € I. This is the contradiction. [

With this we can quite quickly prove Theorem 5.27.

Proof of 5.27. Since the assignment 1 = n4 is Frm-epic, there is at most one such
morphism ¢ = 14. Thus it suffices to show that the assignment ¢ constructed above is a
frame morphism.

By Lemma 5.31 it remains to show

(JU) < V{uU) |U € U}

for U C ®A. But this is nothing more then Lemma 5.33.
Finally, we require

(ton)(a) =la
for each a € A. To show this observe that

be (ton)(a) < n(b)NS Cnla)

and hence
b<a=be (ton)(a)

for each b € A.
For the converse suppose b € (v on(a), that is

n(b) NS C n(a)

by the construction of ¢. If b £ a then a use of the Separation Principle 5.28 gives some
p € S with

pb) =1 pla) =0

which, as we have just seen, can not be. |
A close look at Lemma 5.33 show that it produces an isomorphism
OS=TdA

and then ¢ is essentially just the restriction morphism from OT to OS. However, as |
said, the details of that are done in [5].

References

[1] A collection of notes on my web pages with
/FRAMES/frames.html

holding the relevant documents.
[2] Overview of ‘A collection of notes on frames’.

[3] The basics of frame theory.

67



[4] The assembly of a frame.
[5] The point space of a frame.
[6] The fundamental triangle of a space.

[7] Boolean reflections of frames.

68



Index

A list of notations DIt — d-lattices, 45

()" — set theoretic complement, 4 Frm — frames, 2

(-)~ — the closure operation Meet — N-semilattices, 41
of a topological space, 4 Set — sets, 20

(+)° — the interior operation Sup — \/-semilattices, 22
of a topological space, 4 Top — topological spaces, 4

(- D ) — implication on a frame, 8 complemented element, 13

Aj — set of fixed elements, 25 complete boolean algebra, 5

CBA — a category of complete
boolean algebras, 7

Cba — a category of complete
boolean algebras, 7

DIt — category of d-lattices, 45 element of

Fine-epic, 41 complemented, 13
Frm — category of frames, 2 dense. 13

d-lattice, 45
dense element, 13
direct image across, 3

Meet — category of A-semilattices, 41 regular, 13
OS — closeds of a topological space, 4
OS — opens of a topological space, 4 FDL — Frame Distributive Law, 2
Set — category of sets, 20 fixed set in a frame, 31
Sup — category of \/-semilattices, 22 frame, 2
Top — category of topological spaces, 4 category of, 2
2 — the 2-element frame distributive law, 2
or sierpinski space, 19 element of
\/ — as in \/-morphism, 22 complemented, 13
— — complement in a boolean algebra, 5 dense, 13
- — negation on a frame, 12 regular, 13
[ - ] — spatially induced nucleus, 35 fixed set in, 31
ug — a special nucleus on a frame, 33 implication on, 8
v, — a special nucleus on a frame, 33 morphism, 2
w, — a special nucleus on a frame, 11, 33 negation on, 12
f* —left adjoint in a poset adjunction, 14 . = .
implication

f~ — inverse image across, 3

f~ — direct image across, 3

f« — right adjoint in a poset adjunction,
14

on a complete boolean algebra, 9
on a frame, 8
on a topology, 9

inverse image across, 3

boolean algebra, 5
complement in, 5
complete, 5

kernel
of a \/-morphism, 28
of a frame morphism, 30

Categories lower section, 42
CBA — complete boolean algebras ’
and complete morphisms, 7 negation
Cba — complete boolean algebras on a frame, 12
and boolean morphisms, 7 on a topology, 14
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nucleus, 30
spatially induced, 35

reflection in a category, 40
reflective in a category, 40
regular element, 13

sierpinski space, 19
spatially induced nucleus, 35

topological space, 4
notations used with, 4
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