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A Diophantine Equation of Degree Five

Proposed by Nikolai Osipov, Siberian Federal University, Krasnoyarsk, Russia.
Solve the equation

ry+y? -2 —1=0
in positive integers.
Solution by the proposer. We can exploit the elementary method proposed in the paper
[2] (see the examples from § 1). In fact, this method is intended to be used for solving

some diophantine equations of degree four, but we can slightly modity it.
Consider the equation

P+ —2°—1=0 (1)

for positive integers x and y. Clearly, if z = 1 then y = 1. Suppose that x > 2. For
the function y = W (x) implicitly defined by (1), one can obtain the estimates

2P -1 < U(x) < 223 )

for arbitrary x > 2. Indeed, consider the function
Fly)=ay® +y*> —2° -1
on the interval y > 0. It can be easily checked that
F(z'? 1) <0, F(z*?*) >0.
The estimates (2) are valid since, for every x > 2, the function F'(y) has a unique root
on the given interval.
The equation (1) can be rewritten as 3> — 1 = [z with [ = 2* — 33. Then
l=-y (mod )
because y> =1 (mod z). Let [ + y = ma with some integer m. We have
mr=1+y=a"—y(y?—1)=2*—lay.

Hence, m = 2* — ly = y> =1 (mod z). Consequently, the number

m—1 Il+y—z yPHay—a®—1
r x? N 3

k:

must be integer. But from (2), it follows that W(z) ~ x*/3 as 2 — o0o. Therefore,
k ~ 2713 as x — oo. Thus, k is close to zero for large . Because k is an integer, we
must conclude that £ = 0. In other words, we have

v4aoy—az2—1=0 3)
if x is sufficiently large. It remains to give an explicit lower bound M for such z’s.

Next, we would need the following: 1) solve the system of equations (1) and (3) under
the assumption « > M, and 2) consider those x’s which satisfy 2 < x < M.
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Fortunately, there is a simpler way: it is more convenient to prove the inequalities

U(z)? +2¥(x) —2?—1

0< =

<1 )

for every x > 2. This is easy to implement due to the obtained estimates (2).
Finally, the inequalities (4) mean that the equation (1) has no any solutions (z, y)
with z > 2. Thus, (z,y) = (1,1) is the unique solution. ]

Remark. The proposed diophantine equation can be solved using the well-known
Runge’s method (see, e.g., [1] and, especially, [3]). The original idea of C. Runge is to
construct an auxiliary equation

g(z,y) =0 5)

with the following property: each integer solution (x,y) of (1) with sufficiently large
 is also a solution of (5). For the desired polynomial g(z,y) € Z[z, y|, we must have

lim g(z,y) = lim g(z, ¥(z)) =0,

where y = W(x) is the implicit function defined by (1). For this purpose, we can use
the Puiseux series for y = ¥ (x) at x = 0o, namely

v L Lo 1
z 3z 9110/3 311/3

Using the method of undetermined coefficients, we get the polynomial
g(z.y) = (y* + D)o’ —y2’ + 2 —y" — ¢’

for which we have
\\ = —1 +0 —1 —
g(x,¥(z)) = i/ ) T o

Dividing g(x,y) by f(z,y) = zy® + y* — 2° — 1 with remainder (as the polynomi-
als only on y), we obtain

Yy +aoy—2*—1
23

as the remainder—this is exactly the expression that we found for the number £ via
the elementary approach presented above.

REFERENCES

1. LJ. Mordell, Diophantine equations, Academic Press Inc., London, 1969.

2. N.N. Osipov, Runge’s method for the equations of fourth degree: an elementary approach, Matematich-
eskoe Prosveshchenie, 19 (2015), 178-198. (In Russian)

3. C. Runge, Ueber ganzzahlige Losungen von Gleichungen zwischen zwei Verdnderlichen, J. reine und
angew. Math., 100 (1887), 425-435.

2 (© THE MATHEMATICAL ASSOCIATION OF AMERICA [Monthly 121



